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I. INTRODUCTION
Breakup is an important mechanism occurring in nuclear reactions involving weakly-bound nuclei. The analysis of these reactions has provided useful information on the structure of weakly-bound nuclei (such as separation energies, angular momenta/parities, electric responses to the continuum, etc). A detailed understanding of these processes is also necessary for a number of applications, such as in (d, pf ) surrogate reactions [1] or the production of radioisotopes for medical purposes [2] .
For two-body projectiles, these reactions can be represented as a + A → b + x + A, where a = b + x. If the three outgoing particles are observed in a definite final state the reaction is said to be exclusive. This problem can be treated as an effective scattering problem with three particles interacting via some effective two-body interactions. Although the exact, rigorous solution of this problem can in principle be obtained solving the socalled Faddeev equations [3] , in practice the complexity of this method limits so far its applicability to specific situations. For this reason, alternative approaches, such as the popular continuum-discretized coupled-channels (CDCC) method [4] , have been used. At higher energies, semiclassical approaches become an efficient and appealing alternative (e.g., [5, 6] ).
A qualitatively different scenario occurs when the final state is not fully specified. For example, this is the case of reactions of the form A(a, bX), in which only one of the projectile constituents (say, b) is observed. In this case the reaction is said to be inclusive with respect to the unobserved particle(s). The simplest process contributing to the inclusive cross section is that in which the three outgoing particles remain in their ground states, which receives the name of elastic breakup (EBU). However, more complicated processes are possible, for example, breakup accompanied by x or A excitation, by particle transfer between x and A, or by fusion of x with A (incomplete fusion, ICF). The sum of these contributions is referred to as non-elastic breakup (NEB).
Due to the large number of accessible states, a detailed calculation of the NEB part, in which all these processes are included explicitly, is in general not possible. For that reason, in the 1980s several groups developed closed-form expressions in which the sum over final states was done in a formal way, using completeness of the x + A states [7] [8] [9] [10] [11] [12] [13] [14] [15] . Here, we focus on the models proposed by Udagawa and Tamura (UT hereafter) [10, 11] and by Ichimura, Austern and Vincent (IAV hereafter) [12, 13, 15] . The main difference between these models is that, whereas UT use the prior-form DWBA, IAV employ the post-form representation. Although the final expressions for these models have the same formal structure (see Sec. II), they lead to different predictions for the NEB cross sections. This is in contrast to the DWBA formula for transfer between bound states, where it is well known that the post and prior formulas are fully equivalent. This discrepancy led to a long-standing controversy between these two groups, which lasted for more than a decade. At the heart of the discussion was the fact that the transformation of the post form DWBA expression of IAV to its prior form gave rise to additional terms, not present in the UT prior formula. These additional terms guaranteed the post-prior equivalence for NEB, but they were nevertheless regarded as unphysical by UT. To support their conclusions, UT performed calculations for several inclusive reactions [16, 17] , in which they showed that the IAV calculations largely overestimated the data.
The IAV model has been recently revisited and implemented by several groups [18] [19] [20] . Contrary to the referred results of Udagawa, Tamura and collaborators, the comparison of these recent calculations with available data has shown very encouraging results. These calculations have been performed using either the original post-form formulation [18, 20] or its (in principle) equivalent prior form [19] . However, a consistent comparison between the post and prior results has not been made to our knowledge. One of the reasons is that a direct evaluation of the post-form formula is not feasible, owing to the marginal convergence of the post-form breakup amplitudes. To overcome this problem, several regularization procedures have been suggested, such as the integration in the complex plane of Vincent and Fortune [21] , the introduction of a convergence damping factor [22, 23] or the replacement of the oscillatory distorted waves of the outgoing b fragments by some averaged wave packets [24] . The convergence and stability of these procedures need to be carefully examined.
The goal of this work is manifold. First, we aim to assess, in a quantitative way, the actual equivalence of the post and prior NEB formulas of the IAV model. For that, we will apply these formulas to specific cases. Furthermore, this study will serve to test the validity of the regularization procedure of the post-form integrals invoked in [20, 24] . In each case, we compare also with the UT model and with available data, in order to assess the validity of these models against the data. Finally, we aim at examining the relative importance of the different terms entering the prior-form expression. For that, we have performed calculations for 62 Ni(d,pX) at E = 25.5 MeV and 209 Bi( 6 Li,αX) at E = 36 MeV.
The paper is organized as follows. In Sec. II we summarize the main formulas of the IAV and UT models, and outline the relation between them. In Sec. III, the formalism is applied to several inclusive reactions induced by deuterons and 6 Li. Finally, in Sec. IV we summarize the main results.
II. POST AND PRIOR FORMULAS FOR INCLUSIVE BREAKUP
In this section we briefly review the main results of the UT and IAV models. Further details can be found in the referred works as well as in our preceding paper [20] . We write the process under study as
We assume that the experiment is inclusive with respect to the particle x. Consequently, only b is observed and the corresponding experimental cross sections will correspond to a sum over all possible final states of the x + A system. This includes the EBU as well as the NEB components mentioned in the introduction. The IAV model, as well as the UT model, treats the b particle as an spectator, meaning that its interaction with the target nucleus is described with an optical potential U bA .
Using the post-form DWBA, the inclusive breakup differential cross section, as a function of the detected angle and energy of the fragment b, is given by
where are the eigenstates of the x + A system, with c = 0 denoting the x and A ground states. Thus, for c = 0 this expression gives the EBU part, whereas the terms c = 0 give the NEB contribution.
The theory of IAV allows to perform the sum in a formal way, making use of the Feshbach projection formalism and the optical model reduction, leading to a closed form for the NEB differential cross section:
where W x is the imaginary part of the optical potential U x , which describes x + A elastic scattering. The function ψ post x ( r x ) (the x-channel wave function hereafter) describes the x − A relative motion when the target is in the ground state and the b particle scatters with momentum k b , and is obtained by solving the inhomogeneous equation
. (4) where
Note that the result (3) bears some resemblance with the well-known optical theorem, which provides the total reaction (absorption) cross section in two-body scattering. This analogy was in fact exploited in Ref. [20] to derive Eq. (3), using a generalized optical theorem [25] .
Udagawa and Tamura [10] derived a very similar formula for the same problem, but making use of the prior form DWBA. Their final result is formally identical to Eq. (3), but with the x-channel wave function given by ψ prior x , which is a solution of
where
is the so-called non-orthogonality NO overlap. Replacing (7) into Eq. (3) one gets
where we have introduced the non-orthogonality (NO) cross section
and the interference (IN) term
Equation (8) represents the post-prior equivalence of the NEB cross sections in the IAV model, with the RHS corresponding to the prior-form expression of this model. The first term is just the UT formula, which is formally analogous to the IAV post-form formula (3), but with the x-channel wave function given by ψ prior x ( r x ). The two additional terms, which are responsible for the discrepancy of the IAV and UT results, arise from the NO overlap. These terms ensure the post-prior equivalence of the NEB cross sections. However, UT considered that these two additional terms are unphysical and hence that the post-prior equivalence does not hold for the NEB. We note here that this problem does not arise for the EBU part, for which the post and prior formulas are well known to give identical results [15] . To support their interpretation, Mastroleo, Udagawa and Tamura [17] performed calculations for the reactions 58 Ni(α,pX) at E α = 80 MeV and 62 Ni(d,pX) at E d = 25.5 MeV. In both cases, they found that the sum of the EBU (calculated with DWBA) and the NEB (calculated with the IAV model) overestimates the data. This result was interpreted as evidence for the failure of the IAV model, and support for the UT theory.
This interpretation was later questioned in subsequent works by Ichimura et al. [26] [27] [28] and also by Hussein and co-workers [29] . These works clearly demonstrated that the UT formula provides only the so-called elastic breakup fusion component, which corresponds to breakup without simultaneous excitation of the target A by the interaction V xA , and that the prior-post equivalence does indeed hold for inclusive processes as well.
Despite these intense formal developments, the postprior equivalence for NEB, represented by Eq. (8), has never been numerically tested to our knowledge. One of the reasons is that the direct solution of Eq. (4) is not possible due to the oscillatory behavior of the source term. This, in turn, is a consequence of the oscillatory behavior of the scattering wave function χ (−) b , which is not damped asymptotically by either the initial state wave function φ a or by the transition operator V post . Notice that this problem does not arise in the prior form because, in this case, the transition operator (V prior ) makes the source term short-ranged. As noted in the introduction, some regularization procedures have been proposed in the literature to overcome this problem. Here, we adopt the method proposed in Ref. [24] , which consists in averaging the distorted waves χ (−) b over small momentum intervals (bins). The resulting averaged functions become squareintegrable and the source term of Eq. (4) vanishes at large distances. This procedure was successfully applied in our previous work [20] to several reactions.
In the following section, we apply the IAV and UT models to specific reactions comparing, in the former, the prior and post results.
III. CALCULATIONS
As a first example, we consider the reaction 62 Ni(d,pX) at E d =25.5 MeV, which will allow to compare our results with those from Ref. [17] .
In our calculations, the deuteron ground-state wavefunction was generated with the simple Gaussian potential of Ref. [4] . The deuteron and proton distorted waves are generated with the same optical potentials used in Ref. [17] . As noted in the previous section, to evaluate the post-form formula the distorted waves χ b are averaged over small momentum intervals. Although this procedure is not required for the prior-form formula, to have [17, 30] , corresponding to the double differential cross section, as a function of the proton energy in LAB frame, for θp = 20
• .
consistent ingredients in both calculations, the same averaged distorted waves were used in that case. Before comparing the post and prior results, we investigate the convergence of the post-form formula with respect to the bin size, ∆k b . This is shown in Fig. 1(a) for the angle-integrated NEB differential cross section as a function of the proton energy in the c.m. frame. The shaded region corresponds to negative energies of the neutron, that is, transfer to bound states. Although these contributions could be accounted for using the procedure of Ref. [31] , they have not been considered here for simplicity. It is seen that, as the bin width decreases, the results stabilize and for ∆k ≈ 0.04 fm −1 they are well converged.
In Fig. 1(b) we compare the converged post-form IAV calculation (thick solid line) with the prior calculation (dashed line), for the same observable. The agreement between the prior and post calculations is seen to be very satisfactory, with only small differences possibly due to numerical inaccuracies. This agreement corroborates the post-prior equivalence at the numerical level. The choice of one or another representation becomes therefore a matter of numerical convenience. We show also in this figure the separate contributions of the prior form calculation (i.e., UT, NO and IN), according to Eq. (8) . It is seen that the full IAV calculation and the UT result (thin solid line) are in clear disagreement, as anticipated in the introduction.
In Fig. 1(c) we compare the calculations with the experimental data from Refs. [17, 30] , corresponding to the double differential cross section as a function of the proton energy and for a proton detection angle of θ p = 20
• in the LAB frame. We note that, in this experiment, compound nucleus contributions were estimated and subtracted so the data should mainly correspond to the direct breakup modes considered here. The EBU contribution was calculated with the CDCC formalism, which goes beyond DWBA since it treats Coulomb and nuclear couplings to all orders. For the NEB part, we display the results obtained with the IAV and UT models. It is seen that the sum EBU+ NEB(UT), represented by the thin solid line, largely underpredicts the data. In contrast, the sum EBU + NEB(IAV) (thick solid line) reproduces reasonably well the magnitude and shape of the data, except for some underestimation at the smaller energies and some overestimation at the larger ones. We note that the low-energy tail will be mostly affected by the compound-nucleus subtraction and hence some uncertainty is expected at these energies. Our results are in contrast with those reported in Ref. [17] , who found an overestimation of the IAV model.
As a second example, we consider the reaction 209 Bi( 6 Li,αX), which was also analyzed in our previous work [20] , using the post-form IAV model. These calculations reproduced rather well the experimental angular distributions of α particles for a wide range of incident energies above and below the Coulomb barrier. To test the post-prior equivalence, we consider the incident energy of E = 36 MeV. For the calculations presented here, we use the potentials employed in Ref. [20] .
The results are shown in Fig. 2(a) for the angleintegrated α energy distribution (in the c.m. frame), with the same meaning for the lines as in Fig. 1 . The results are qualitatively similar to those found in the deuteron case, namely, (i) the post-form IAV model and the priorform UT model yield significantly different results, and (ii) the sum UT+NO+IN gives a result very close to the post-form IAV model. Thus, the post-prior equivalence is also well fulfilled in this case.
In Fig. 2(b) we compare these calculations with the data from Ref. [32] , which correspond to the angular distribution of α particles in the LAB frame. The EBU cross section corresponds to the CDCC calculation performed in Ref. [20] , so we refer the reader to this reference for further details on this calculation. The EBU+NEB(IAV) calculation (thick solid line) reproduces remarkably well the shape and magnitude of the data. In contrast, the EBU+NEB(UT) calculation, represented by the thin solid line, clearly underestimates the data. This result reinforces the reliability of the IAV model.
IV. SUMMARY AND CONCLUSIONS
In summary, we have addressed the problem of the post-prior equivalence in the calculation of NEB cross sections within the closed-form DWBA models proposed in the 1980s by Ichimura, Austern and Vincent [12, 13, 15] and by Udagawa and Tamura [10] .
We have performed calculations for the 62 Ni(d,pX) and 209 Bi( 6 Li,αX) reactions at 25.5 and 36 MeV, respectively. In both cases, we find an excellent agreement between the post and prior expressions of the IAV model, confirming this equivalence at a numerical level. Moreover, the IAV model reproduces rather well the data in both reactions. In contrast, the UT model has been found to underestimate the experimental cross sections. In the 62 Ni(d,pX) case, our results disagree with those of Ref. [17] , which were used to criticize the theory of IAV.
The results presented in this work, along with those presented in related works [18] [19] [20] , indicate that the IAV model provides a reliable framework to calculate NEB cross sections in reactions induced by deuteron and 6 Li projectiles. Possible applications to other systems and problems are currently under study.
